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In this article we are interested in the relationship between a transitive and 
antisymmetric notion of preference given in !RP by a dominance structure and the 
notion of face of a set whether convex or not. No particular type of mappings with 
values in that space is considered. We lirst study the case where the dominance 
structure is given by a constant cone A. We show that the bounded faces of S+ A 
are contained in the set Ext[S] A] of A-extreme points of S for every S c Rp and, 
then, assuming S is n-convex we prove that Ext [Sl A] is a union of faces of S + A. 
This result is improved by setting very wide conditions which ensure that 
Ext[S] A] is the union of the bounded faces of S+ A. Thus, the cumbersome 
question of dominance or nondominance of a face of S can be simplified under 
these conditions. Finally, we point out how these results can be useful to find the 
set of all nondominated points of a set S, by using a Yu’s sequence, when the 
dominance structure is not constant. ’ 19X7 Academic Press. Inc. 
1. INTR~DucTI~N 
Suppose that a strict partial ordering relation is defined in R” as follows: 
Given a mapping which associates to every u E Rp a cone D(U) of I??“, we 
suppose 
(H,) u-UED(U)=>D(U)~(-D(u))= (0) 
(Hz) ~-~ED(u)~D(u)+D(v)~D(u). 
It is said that u is preferred to u if u # u and u = u + d(u) where d(u) denotes 
a nonzero vector of D(U). Then we write u > u and we say that the mapping 
D is a structure of dominance [4]. The meaning of (H,) and (Hz) is 
obvious: the relation > is antisymmetric and transitive. 
Given a set S c Rp, we say that u s S is a D-nondominated point of S if 
there is no u, ES such that u, > u. When no confusion is possible we say 
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simply that u is nondominated. N[Sl D] denotes the set of such these 
points of S. 
In [S] Yu and Zeleny took a linear mapping f of the compact 
polyhedron XC R” into RP. Given a preference relation by a cone A, they 
show that for the relation of preference induced in R” by f -’ the set of all 
the nondominated solutions can be decomposed into a set of faces of X. In 
[4,4] Yu introduced the set of all cone extreme points on YC RP, given a 
constant structure of dominance in Rp. Then, he applied to any arbitrary 
structure of dominance. Now, in our work, we take only a space RP as in 
[4,4]. In the case of a constant structure of dominance we derive a 
theorem on the decomposition of Ext[Sl A] into faces of S + /1 as it is 
done by Yu and Zeleny in the linear cases for the nondominated solutions 
in the decision space IF?“. We make no assumptions about compactness or 
convexity of the arbitrary S we study. 
Notation does not differ from that used in [4] and [S]. 
2. CONSTANT STRUCTURE OF DOMINANCE 
When we have D(U) = (1 for every u E lRP we say that the relation > is 
constant or that the structure of dominance is constant. Then, (H,) means 
simply ,4 n (-A) = {0}, (H,) means that the cone n is convex and we 
have N[Sl D] = Ext[SJD]. 
Given a set SE Rp, we set 
s,=s+n. 
The following lemma is well known [4, Lemma 4.11. 
LEMMA 1. Ext[Sl /f] = Ext[S, I /I]. 
In order to study globally Ext [Sl A] we extend to arbitrary subsets of 
Rp the usual notion of face of a convex set. Given a, and a2 belonging to 
yp, [a,, a,] denotes the convex hull of {a,, a,}; ]a,, a,], [a,, a,[, and 
a,, a, [ have obvious meaning. 
DEFINITION 1. A face of an arbitrary set SC RP is a convex subset F of 
S such that every line segment [a, b] c S whose relative interior meets F is 
contained in F. 
Then, although we make no assumption about convexity, we have 
LEMMA 2. If u belongs to a face F of S, and ly we have v E S, such that 
v>u, then v and w,=u+A(u-v) (l,>O) belong to F. 
CONEEXTREMEPOINTSANDFACES 225 
Proof: In fact, w1 belongs to S,, since u E S, and u - v = d with d # 0; 
further, we have u E ]w~, v[. Then, u and w1 belong to F since F is a face of 
sn. I 
THEOREM 1. The bounded faces of S + A are contained in Ext[S 1 A]. 
ProoJ: In fact, the set of the vectors We, I > 0, referred to in Lemma 2 is 
not a bounded set. 1 
This result may be improved as follows: 
ASSUMPTION 1. S is A-convex. 
As in [4] this means that S, is a convex set. 
LEMMA 3. Under Assumption 1, if [a,, a?] c S, and if there is 
u~]a,,a,[nExt[S,,ln], then wehaoe [a,,a,]cExt[S,j/1]. 
Proof. Let us take any z E [a,, u[. By Assumption 1 we have z E S,, . 
On the other hand, if u is the convex combination u = ,?,a, + &u2, then we 
have z = A’,a, + &a, with 0 < 2, < A’r < 1. If z were a dominated point, then 
there would exist z’ E S,, with z = z’ + d and d # 0. The equality u = (1, /A;) 
z + (2, - (A, /A;). A;) a (where the second member is a convex com- 
bination) suggests the introduction of the vector (belonging to S,) u’ = 
(~l/~;)z’+(i,-(I,/;l;).l;)a,. From u-u’=(,%,/~~)(z-z’) wecan write 
U’ > u. This is against the hypothesis u E Ext[ S, l/1]. By a similar argument 
we have ]u, a,] c Ext[S, I/1]. 1 
THEOREM 2. Let K be a nonempty arbitrary convex subset of S+ A. 
Under Assumption 1, if there is a nondominated point u belonging to the 
relative interior of K, then we have Kc Ext[Sl A]. 
Proof. Since K is a convex set, given any x E K with x # u there is z E K 
such that u E Ix, z[. Hence, by Lemma 3 we have x E Ext[Sl,4]. 
Remark 1. A similar result for the decision space in the linear cases is 
proved in [S, Theorem 2.23. 
THEOREM 3. Under Assumption 1, Ext [ S I A] is a union of faces of 
S+ A. In fact, it is the union of those faces whose relative interiors meet 
Ext[Sl A]. 
ProoJ It is well known that the class of the relative interiors of the 
faces of any convex set C is a partition of C. Hence, for every Bc S,, let 
{F,, k E K} be the set of the faces Fk of S, such that Bn ri Fk # 0. 
226 A. GAMEIRO PAIS 
Obviously, B c Uks K ri Fk. Conversely, taking B = Ext[S 1 A] we have 
Fk c Ext [Sl /i] for every k E K by Theorem 2. So that, 
Ext[SIn]= u Fk, K= {klri F,nExt[SI/i]#@}. 1 (1) 
keK 
By strenghtening Assumption 1 we can improve this result as follows. 
THEOREM 4. If S + A is a closed convex set containing no lines and if its 
recession cone is contained in A, then Ext[Sl A] is the union of the bounded 
faces of S+ A. 
Proof: We know from the fundamental representation theorem on 
closed convex sets that, under these conditions, S, is the convex hull of the 
set S> of all extreme points and extreme directions of S,. As a con- 
sequence, every face Fk of Sn in (1) is the convex hull of the set S; of the 
points of S> which belong to Fk and the directions in S> which are direc- 
tions of recession of Fk. But, obviously, in S,J there is no direction of 
recession; since otherwise there would exist dominated points in Fk. i 
From Theorems 1 and 4 it follows that, under the conditions of the 
above theorem, Ext[S/ A] is the union of the bounded faces of S,. 
Remark 2. The situation considered in Theorem 4 occurs, for example, 
when we have a Pareto’s Problem where X is a convex closed set, the map- 
pings f, in f(x) = (fi(xL.fp(x)) are concave and the set S= f [A'] is 
bounded. 
These theorems can be particularly useful for locating all of the non- 
dominated values whenever the set of the extreme points of S, is finite (as 
it occurs in classical linear programming problems, for example). 
3. APPLICATION TO ARBITRARY STRUCTURES OF DOMINANCE 
Now we no longer assume that the structure of dominance is constant so 
that D(U) depends on U. 
LEMMA 4. If D, and D, are mappings of l%” such that for every u E Rp 
we have D,(u) c D2(u), then N[Sl D2] c N[Sl D,]. 
Proof: If UE S and if there is v E S such that u = v + d,(v) with 
O#d,(v)~D,(v), then u does not belong to N[S(D,] since 
d,(v) ED,(v). I 
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THEOREM 5. Given an arbitrary structure of dominance D, we can assert 
the following: 
(i) VG=U{D( 1 u ,ueS} is convex and ifAbn(-&)={O}, then 
N[SI D] contains the bounded faces of S + Ah. 
(ii) rf&=n{D( 1 u , u E S} is convex, zf S + A, is a closed convex set 
containing no lines and if, further, the recession cone of S+ A, is contained 
in A,, then the set N[Sl D] is contained in the union of the boundedfaces of 
S+ A,. 
Proof: We have A,, c D(u) c Ah for every u E S so that Ext [S( Ah] c 
N[Sl D] c Ext[S 1 A,,] by Lemma 4. Then, from Theorem 1 we get (i) since 
the assumptions made in (i) yeld (H,) and (Hz) for A;; and from 
Theorem 4 we get (ii) since the assumptions in (ii) yeld (H,), (Hz) and the 
hypothesis of Theorem 4. l 
Remark 3. N[Sl D] c Ext[Sl A,] is proved in [4, Lemma 5.l(iv)]. 
When all the conditions indicated in (i) and (ii) hold, we have 
all bounded faces, obviously. 
This result is improved by the following. 
Let us suppose A, # (0). In [4] it is shown how a sequential 
approximation method toward N[Sl D] is constructed by taking the 
decreasing sequence 
s,=s 
S n+1=ExtCS,l41, 
where 
A, = (-) (D(u), UE S,}. 
Then, N[S ( II] c n (S,, n E N } and Theorem 4 can be useful to 
determine S,. 
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